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2 Truss and beam structures / 2.1 Introduction

Methods of structural analysis

Classical methods of structural analysis

Force method
Displacement method

Finite Element Method (FEM)

The Finite Element Method is a generalisation of the displacement method for

structural analysis in matrix notation.

For truss and beam structures it is also denoted as the
Direct Stiffness Method (DSM).
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2 Truss and beam structures / 2.1 Introduction

Introductory example: Truss system

Nodal points
here: nodal points 1- 4 1

Elements
here: truss elements 1-6

Degrees of freedom

Degrees of freedom are independently y V4=0
movable displacements or rotations of T

nodal points.
here: uy, vy, Uy, V,, Ug, V3, Uy, V,

Support conditions

Restraints of individual degrees of freedom
here: v;=0, u,=0, v, =0
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2 Truss and beam structures / 2.1 Introduction

Introductory example: Truss system

Nodal point forces AR, kP

External forces Fa1 Fx2
O

here: FuisFy1Fyar Fyos Fys

Support forces
here: Fy3,Fy,Fys

Global coordinate system

Nodal point forces and nodal displacements are
specifed in the global coordinate system.

here: x, y

Sign rule

Nodal point forces and nodal displacements are
positive in the direction of the positive coordinate
axes of the global coordinate system.
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2 Truss and beam structures / 2.1 Introduction

Introductory example: Truss system

System of equations

 The unknowns are displacements
(displacements and rotations).

« The coefficient matrix is called the global

stiffness matrix of the system.

« The right-hand side consists of the nodal point
forces, i.e. the loads acting at the nodal points.

K, ki Kz ki ks U,
Koi Koo Kug Ky Kyg Vi
Ksi  Kso  Kiz Kgy  Kgs u,
Kiw Kio Kiz Ky Ky Vo
| Ksy Kso Kz Kgy  Kgs _ | Us

here: v;=u,=v,=0 They are omitted in the matrix due to

the support conditions

AFyl

Fx1

e
L
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2 Truss and beam structures / 2.1 Introduction

Global stiffness matrix

Characteristics of the system of equations

1.

w

For stable i.e. not kinematic structural systems the system of equations has a

unigque solution. The global stiffness matrix is regular.
Diagonal terms are always positive (spring constants)

The stiffness matrix is symmetric

The global stiffness matrix is assembled from the stiffness matrices of the

finite elements

The solution of the system of equations gives the nodal point displacements.
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2 Truss and beam structures / 2.1 Introduction

Global stiffness matrix

Section forces and element stresses

The section forces and element stresses are determined element by element
using the nodal point displacements.

here: Normal forces and normal stresses in the truss elements

AVa AV2
u
<o o o e
V=0, M=0
U, U,
o= O—>
1 2 y V=
X
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2 Truss and beam structures / 2.1 Introduction

Computational steps of the Finite Element Method

1. Determination of the element stiffness matrices and the nodal point loads.

2. Assemblage of the global stiffness matrix with the element stiffness matrices
and of the global load vector with the nodal loads.

Kip ki ki Ky K u, Fa
Koi Ko Ky Ky Ky Vi Fyl
Ksz  Kao  Kaz  Kgy  Kgs u, = | F2
Kio  Kao Kiz Ky Ky Vo Fy2
B Ksy Kso  Ksz  Ksy  Kes | | Us | B Fs |

3. Solution of the system of equations with the global stiffness matrix gives the
nodal point displacements.

4. Determination of the support reactions using the nodal point displacements.

5. Determination of the element stresses / section forces using the nodal point
displacements.
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Stiffness matrix in local coordinates

Definition: A beam with normal forces only is called truss element

<N—o—ol> Section force
V=0,M=0
u
c_'l o u2> Nodal point displacements
1 .
Figoxy Py Nodalpointforces

= Element stiffness matrix
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Derivation of the stiffness matrix

Elongation of a truss element

A= Cross section area

_ o Fl  E= Young’s modulus
- i—li_' = 5_5%_E.€ " E.A  Hooke's law:

c=E-¢ > ¢=0/E

Normal force

e e E-A
S o—>- F=—".5 with &=u,-u,
1 2 /
Element forces
F X F E-A
—IPO—P—OL-V F1:—F:7( u, Uz)
E-A
I = F=7 (=24 +20,)
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Derivation of the stiffness matrix

Element forces

U Sp) E-A
O O—p F1:7 (Ul—uz)
1 2
(lok)
ENON ' DN SR

In matrix notation: Element stiffness matrix

T RN
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Element stiffness matrix of a truss element in local coordinates

=0
b

_ Kok} = Element stiffness matrix

Properties of the element stiffness matrix:
* symmetric
« singular, i.e. the ,structural system® is kinematic
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Element section force matrix of atruss element in local coordinates

The element section forces are computed with the element section force matrix (or the
element stress matrix for the stresses) after the nodal displacements for the global system

have been determined.
Element forces

<N o o N . N=F with
V=0, M=0
1oK) EA

Element section force matrix

EA[ll]
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Section forces matrix of atruss element in local coordinates

« L o O L e
V=0, M=0
lok
_ §( ) Section force matrix
_ SSOk) Element stress matrix
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Coordinate transformation

Element forces and displacements in global and local coordinates

\Y W
1 2 \O
U1 @ 2 U %
ZN
VYY)
V3=O
U4=O = U3—0
Truss system Element in local coodinates

Element in global coordinates
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Coordinate transformation

Element forces and displacements in local coordinates

(lok) (lok)

4% _ U w0y | b

= (lok) - (lok)
U, F,

Element forces and displacements in global coordil

[, (e B (e) |
U, F..
(e)
V. (e)
u(e) S F(e) B |:yl
- u (e) — - (e)
2 F,.
(&) (e)
Vo F
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Coordinate transformation: nodal point displacements

Local coordinates Global coordinates

(element) (system)
1
\
g
* /V\\O\A
O
coordinate transformation coordinate transformation - truss element
(lok) __ , (e) €) of
2 u "’ =u " -cosa+Vv, " sina
RPNG o U™ =u, cosa + v, sina
.(Jo \&' Q r (e)
N 2 u
o e Vv !
u . 14" [cosasina o o v,
o (ok) | — i 1@
d u, 0 0 cosasina | |u,
ul® = y.cosa+v-sina v,
) (lok) (e) - -
vl — _y.sing+v -cosa u’ =T-u
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Coordinate transformation: nodal point forces

FyZ(e)
Local coordinates \\g{ , ? Global coordinates

(element) 3 <1 Fe (system)
o (e)
?/\' Fxl(e)
coordinate transformation coordinate transformation - truss element
FY - cos o = © ] - _
" X - Fxl(e) = COS o -Fl('°k) Fa coSa 0
' . (e) . lok
£ F,© =sina F'™ Fy™ | |sina o [Fl(O):|
' N © | | = (oK)
< Q}:o sz(e) —COS - FZ(IOK) sz 0 COSa F2
e . (e) 0 Sin
= F,,® =sin a -F, P ] b -

F.= F"cosa

F,= F%sina - = =
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Coordinate transformation: element stiffness matrix

] E-A [ 1 _1} 0

(lok) - (lok)
F, ( 1 1
A
Coordinate transformation Coordinatetransformation
(lok) (lok) (lok) c ) .
of nodal forces S F = K_ U IS of nodal point displacements
2 3
1% 17
®)
F (e) — - % c:;’)
X1 cosSa O ?y )
F.” | |sina o |[E™ u, cosasina o o
Fe|l | o cosal |E® u," o o cosa sing
X2 2 -
©) 0 sina
_FVZ 4 -
(e) T (lok)
=1 F

F(e):-l-_T‘K_(l(]k)'-l-_‘U_(e) 0r F(e): K_(e)'u(e) W|th K_(e): T_T'K“Ok)T

Prof. Dr.-Ing. Horst Werkle 19
Finite Elements in Structural Analysis 01/23




2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Coordinate transformation: element stiffness matrix

Fr” cosa 0 | u,® |
FY| E.Alsina o 1-1][cosa sina o o ]|v,®
F@|" ¢ | o cosa '{—1 1}{ 0 0 cosa sina] u,®
F 0 0 sina| v, |
| cos‘a sina-cosa -cos’a  -sina-cosa
< _ EA | sina-cosa sin’ a —sina-cosa - sin“a
- 14 - cos’a —sina-cosa cos’a sina-cosa
|- sina-cosa - sin‘a sina-cosa sin‘a
™ o BTk it k=TT
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Coordinate transformation: element section force matrix

Lo
[cosa sing 0 0 v,
B ina | 1y ®©
I jOﬁ 0 0 cosasing||u,
\© (¢)
*/;'\\0\«\ Vo

L Coordinate transformation of nodal displacements

Section forces in local coordinates Section forces matrix in global coordinates

(lok) — -
. u e
N = E-A [-1 1] 1 _ Uy
/ u2(|ok) N - E-A.[_l al cosa Sina 0 o v
- l 0 0 cosa sina||u;
V2 |
N=5®.y®
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Degrees of freedom:

Stiffness matrix:

Section force matrix for normal force:
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

A V1 AV2 x (oK) Element 1 10 kN
U D 3 = . 1 2 10 kN
1 52 3’ u? e a @ ! i

S| PN |«

= =0
yV4 OA A V3
@ N,
& U4=0 ya U3=O

Element 2
(4)

(lok)
-
®
-
Vi

E=2.1.10°kN/m®> A=0.004 m’
{,—£,=300m {,—(,=3.00-4/2=424m
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

(lok)
u u
. 1 2
E-A_5410:.9004_ 55400
£ 3.00
1 1
Element stiffness matrix F,El) ¥ iz)

(1) 1 - 1
Fﬂ"*l'- =2.801 [}5 . t
F,' -1 1|y,

Element section force matrices

u
N= 28.10°. [ -1 1]-“} System
2

Stiffness matrix
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element 2: o =90° T§

E-A_5410:.9004_ 55400
7 3.00

Element stiffness matrix

F.2 1 —1][v,]
2 [=2.8010° - N7
F. | -1 1]V,

y2

Element section force matrices

N= 28.10°. [ -1 1]-{H
2

X(Iok)
_>
V3

System

Stiffness matrix
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element 3: a=0° y (lok)
M
— > — >
E-A_2110:.2004_55.10 Ug kg
4 3.00
: : 3 3
Element stiffness matrix F)£4) E )53)
M—»

. _— u, |

3 _

|:|:}{43_]:280105 |: 1 —1_.|:U4_]

Element section force matrices

y
N= 28-10°- [ -1 1]-L4] System
3

Stiffness matrix
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element 4: a=90° T ?~T

E-A_5110:.0004_ 55 400
, 3.00

Element stiffness matrix

F 9 1 -1
Y11:230405-{ }V4
F. -1 1] v,

3 s
. : — >
Element section force matrices o

Vv

System

N=  28.10°- [ -1 ﬂ{“] o

1

Stiffness matrix
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

F(5)
Element 5 a = 45° ? y2
_>F(5)

EA L 2.1-10° 0.004 =1.98.10°
s 4.24

Element stiffness matrix

Fre "~ 05 0.5-05-05][u,]

F.° .| 05 0.5-05-05]|v,

Yol = 1.9810% IS

Fo -0.5-05 05 05| u,

F. | -05-05 05 05]|v,]

Element section force matrices u, |

- V,

N =1.98-10°-[-0.707 -0.707 0.707 0.707|- ™
U, | System
| Va2 | Stiffness matrix
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element 6;: a=135°

E-A 541009994 _ 4 95.10°
424

Element stiffness matrix

F.° [ 05-05-05 0.5]u,
FT.;E_? _108.105.|70-5 05 05-05]v,
F.° | .05 05 0.5-0.5]|u,
L | 05-05-05 0.5]v,|

Element section force matrices

u
: Vi System
N =1.98-10°-[0.707 -0.707 -0.707 0.707|-
4 Stiffness
V] matrix
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

The global stiffness matrix is constructed by assembling the elements at the nodal points.

Compatibility conditions
« Equations of equilibrium at all nodal points
«  Compatibility of the displacements at all nodal points

Fx1 ][4 F 1 1 Fy o2
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

Fyi (1) (1) Fyo2
1 F 1 1 F 2 ~ Fo
—l- —— [ - —

Introductory (5)
Example { fF"f‘” FF?? (5)l
i Fio
—
i 5’ ~& - F

Equilibrium >X =0= me + FY=F, (1a)

at nodal point 1: X

>Y =0= F."+F,”=F, (1b)

(2]
Yz
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

Fyi Fyo
] g F}E11:I 1 F}EE ! Tz F 2

Introductory ¢
Example ‘ 3” Fy2 l
. T F}H f_}i?h
1t 5/ & TF‘-‘”
Equilibrium _ ) B _
q >X=0= I:x2 + F, =F, (2a)
at nodal point 2:
Y =0= F,”+F,”=F, (2b)
Prof. Dr.-Ing. Horst Werkle 32

Finite Elements in Structural Analysis 01/23



2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

N I n 1 {l} - [ {i} ] B ]
odal pointl — 3 F. =F, F. =
0 _ v
Zi: Fﬂ - Fﬂ Fﬂ Fﬂ
[ ] —_ Z g — L4
° e .
™ ® L4
{i}
- O _ F F
Nodal point n ZF - L yn | L yn |
% /\ T Em : E
| D A\
Element forces of External forces Element forces External forces
the truss elements (loads) (loads)
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

The element forces are expressed by the element stiffness matrices.

Introductory example

- Fy: Fm Fm Fsz -
. X2
forces at
nodal point 1 Element 4
‘ ? Fb” Fyzf ‘
Element 6 F:-n .
Fw >/ »\4 TFyz
element Element 1
forces at T E
nodal point 2  |Element2
Element 5
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

The element stiffness matrices are expanded with zeroes for all degrees of freedom
of the system.

; 17 -1 u,_ Fm'-‘-' (1)
Introductory example, element 1:  2.80-10°-} || "1= " | K™ U= F_
Uy Vy U Vo U3 Vi uy Vy i _F}n“}_
10 0 1.0 0 0 0 O O] [u F 0
0 0 0 0O0O0OO0ODO v, 'fm
10 0 10 0 0 0 0 Of |u, Fro " "
F (1} A A
2_8-'105- 0 0 0 0 0 0 0 0 VE _ yE K .u:F
O 0 0 0O0O0OOOUO U, 0| — T T
0 0O 0O OO0 O0O0OTO Vi F (0
y3
0 O 0 0 O0O0O0OO0 Uy £ (1)
. 0 0 0O 0 0 0 0 Of |vy4] "41
Fy4“ -
L - ement 1
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

The element stiffness matrices are expanded with zeroes for all degrees of freedom
of the system.

Fy3(2) : 1 -1 v, (2) (2)
Introductory example, element 2: | @ |=2:80-107- 1 - K™-u=F

y2 Vz -

ll"|1 III"IIF1 uE VE uE. VE. u4 III"IIF4

000 0 0 0 0 0][u] [F?]

O 00 0 O 0 0 0f]v, Ff'

O 00 0 O 0 0 Offu, F.° 2) 2)
2 8.10° O 00 10 0 -10 0 O V. _ F}: }i 'li: E

0O 00 0 O 0 0 Offu, F.”

0 00 -10 0 10 0 O}|v, F}_f'

0O 00 0 O 0 O Offu, Fxf:'

000 O O O O0O0]|v]|FS

) T Element 2
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

_ _ Afi) i)
Expanded matrix for element i : | F =K U
) ~ (i)
Sum over all elements: Z F =F Z K -u=F
i
Element forces External forces
(loads)

Global stiffness matrix : ~ ()
K-u=F with K=} K
The global stiffness matrix is assembled from the element stiffness matrix.

The coefficients of the element stiffness matrix are added to the global stiffness
matrix at the rows and columns corresponding to their degress of freedom.
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

Element 1
u U
I (1] 2
< E2.8010°- {1 Q®
F, U,
Ay
Hj Vl V2 H3 V3 H4 1,?4 X
- 0 0 0 0 0 O[e,][F,,
0 0 O 0 0 0 Oflv,| |£,
- 0 0 0 0 0 Ollw||F.,
.| o 0 O 0 0 O Oflv,| |F,
2.810°- =
0 0 O 0 0 O O||lu,| |F,
0 0 0O 0 0 0 Of|lv;| |F,;
0] 0 O O O O O] u, F_,
O 0 0 0 O O Offv,] _}7},—4 ] Element 1
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

Element 2
(2)
oo [
F," :
Uy Vi U, Us Uy vy
(10 0 -1.0 0 0 0l[u, | [F,
0 0 0 0 0 0| F,
-10 0 1.0 0 0 0|]u, F,
5 8.10°. 0 0 0 0 0 O |2 | F,
0 0 0 0 0 0w F.,
0 0 0 0 0 0}]v, F
0 0 0 0 0 0 0fu, F.,
0 0 0 0 0 0 0f[vy]| £ Element 2
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix ilo kN
Element 3
Fﬂ{i_‘r
Fﬁ{j}
Uy i U v, Uy Vs U, Vy
1.0 0 -1.0 0 0 0 0 O0lf[u | [F,]
0 0 0 0 0 0 0 01w F,
-1.0 0 1.0 0 0 0 0lu, | | Fy
yeior) @ 0 0 L0 0 -10 0 0 | F.
| 0 0 0 0 o B ollu || Es
o 0 0 -1.0 0 1.0 0 0] v, F;
o o o o =8 o Mo .||F.
0 0 0 0 0 0 0 O0ffv]|F,
) ) - Element 3
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

Element 4
(4)
w4 o in?.
- () =2.8010
vl
Uy Vi
1.0 0
° 1l
—-1.0 0
. 0 0
2.810"-
0 0
0 0
0 0
o [Ei0
) Element 4
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

Element 5: w, v, U, v
F° ] 0.35-0.35
F4 = 2810°-
F.°
Iy vy U,y
1.0
0 :
—1.0 0
< 0 0
2.810°-
0 0 _
0 0 ‘F}'E
0 0 [ =035 - ~1.0 F
L 0 -1.0 - -0.35 | F}'4_ Element 5
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

Element 6:
o e
F.@ . v,
F‘ ol = 2810 .
F ) v,
Uy ) Element 6
10 0 "u{ (Fy |
0 0 —-1.0 || v F,
0 135 0.35 ~0.35 —035||u, | | Fy
0.35 1.35 -1.0 =035 -035(|v, | F,,
0 0 2055 —10 o u | | Fa
035 0 -10 - 0 ||vs]| |F
0 -035 -035 -1.0 1.35 035 ||uy, F_
0 -10 -035 -035 0 0 035 135 ||v,| | Fs
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Assembly of the global stiffness matrix

Load vector

-I-I “':'—I-I b'ﬂ—rl

&)

=5

==

%

L

*':'-I-I H-I-I *':C-I-I h'ﬂ-rl *':C-I-I

Prof. Dr.-Ing. Horst Werkle
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Global stiffness matrix without restraints — introductory example

i, v U, v, Uy V3 U, Vy

135 -035 -10 0 —035 035 0 0 |[u] | O
-0.35 135 0 0 0.35 -035 0 —1.0||v 0

-1.0 0 1.35  0.35 0 0 -035 -035||u, 10
»g105) © 0 0.35 1.35 0 -10 -035 -035| |v,| |-10
~0.35 035 0 0 135 -035 10 0 i, 0

035 -035 0 -10 -035 135 0 0 vy | | F

0 0 -035 -035 —-10 0 135 035 | |u,| | Fu
| 0 -10 -035 -035 0 0 0.35 135 | |v,| | Fu

Properties of the stiffness matrix
« symmetric (composed of symmetric element matrices)

« singular, because the structural system is (still) kinematic
System
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2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Consideration of the support conditions
Introductory example Support conditions:

< C <
Il

V3 )
U, .
_—1’?4 —

Columns are multiplied with 0

Unknown restraint forces

— rows have to be omitted in the

system of equations

— rows are later used to determine

the support forces

and can be omitted

Prof. Dr.-Ing. Horst Werkle

Finite Elements in Structural Analysis

01/23

46



2 Truss and beam structures / 2.2 Truss element

Global stiffness matrix

Stiffness matrix with consideration of the support conditions

System of equations for the displacements

135 -035 -1.0 0 -0.35]]uy, 0
~035 135 0 0 0.35 | | v, 0 Properties of the global

2810° —1.0 0 135 035 0 |-|u,|=| 10 stiffness matrix:

0 0 035 135 0 ||v,| |-10 - regular -
-035 035 0 0 135||u,| | O - symmetric
Equations for the support forces
o
035 -035 0 -10 -035)1v, Fya The support forces always
2.8010°| 0 0 -035 -035 -1.0 |{u,|=|F, fulfill the equilibrium conditions
0 10 -035 -0.35 0 v, F,. with the nodal forces.
| Us |
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2 Truss and beam structures / 2.2 Truss element

Introductory example

Results
Nodal point displacements: 10 kN
][ 0.867 . ‘ y A
Vv, 0.18
u, |5 1.0410°
v,| | -0.54
‘u, || 0.18 l;;t v 1<OkN !
x(u) 4 3 L»)( vlokN 20 kN
Support forces:
- 0.86]
0.35 -0.35 0 -1. -0.35] 0.18 20.0
2.8010°| O 0 -035 -035 -1.}{ 1.04}10° =|-10.0|=|F,| [kN]
0 -1. -0.35 -0.35 0(|-0.54 -10.0 F.
L 0'18_ Equilibrium control!
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2 Truss and beam structures / 2.2 Truss element

Introductory example

Results

Section forces:

0.86 0.00
N =2.8010°|-1. 1.} 10°=5.0 - 10°%.= . 10 4=
1 [ ][1'04} N,=2.8010°[-1. 1.]{0-18}10 5.0
Element2: - Element 5
- '0.00'
N,=2.8010°{- 1. 1,]{ 0.00 }.104:_15,0 N,=1.9810°[-0.71 -0.71 0.71 0.71} 299 04270
‘ - 0.54 1.04

—-0.54
Element 3 CElement3 | Elements:  |Element6] o

[0.18]
5 0.007, 0.00
N,=2.8010°{-1. 1] 107=5.0 N,=1.9810°[0.71 -0.71 -0.71 0.71]} 10*=-7.0
0.18 : 0.86
0.18
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2 Truss and beam structures / 2.2 Truss element

Introductory example

Results
Nodal point displacements
Node u [mm] v [mm]
1 0.086 0.018
2 0.104 -0.054
3 0.018 0
4 0 0
Element Element | N [kN] y 4
forces
1 5.0 ‘ X
2 -15.0
3 5.0
4 50 Support forces Node F [kN] F, [kN]
5 7.0 3 - 20
6 70 4 -10 -10

Prof. Dr.-Ing. Horst Werkle
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2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Conclusions

Elements should be appropriately connected with nodes Example 1
Kinematic structural systems lead to unsolvable systems of Example 2
equations.

Possible program responses could be: stiffness matrix is Example 3

singular, determinant is zero, program abort)

Stiffness parameters as cross section areas, moments of
inertia (for beams in bending), etc. are always to be entered
in the program in order to establish the stiffness matrices.

Support forces always fulfill the equilibirium conditions with
the external loads.
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End

Introduction
2 Truss and beam structures

Plate and shell structures
Modeling
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2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Examples for erroneous system parameters - Example 1

F
Problem:

A FE program calculates
all displacements and
section forces as zero,

4 although when the input of
the load is F=10 kN

How is it possible?
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2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Examples for erroneous system parameters - Example 1

44444

-3 Systemeingabe
‘@ 1 Material
‘@ 2 Querschnittswerte
w4 3 Knotenkoordinaten
=& [Sbe

S 1 K 1-»2 L=5,000
af‘ 2 K:2-»3 L=10,00
S 3 K 3»d L=3.000
G b Auflager

-4 § Gelenkfedem

= Stabeigenschaften
&> B Bermerkungen
-3 Standardsysteme

-4¥ Fachwetke

4% Rahmen
""" ®Q Lasteingahe
""" =] wvargegekens Uberlager
""" @ Maawerte aus vorg. Ube
----- @ mau/min Ub. aus Lf. Th.1
----- & EinfluBlinien

0,000 0,000
0,000 5,000
10,000 5,000
10,000 2,000
5,000 5,000

1
2
3
4
5
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2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Examples for erroneous system parameters - Example 1

- 2 K3 Letnoo

' Ex 1 K:1->2 L-5.000
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2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Examples for erroneous system parameters - Example 1

=3 Systemeingabe
B 1 Material
= 2 Querschnittswerte

‘@ 3 kKnotenkoordinaten
B 4Stabe
EI‘@ b Auflager

Einzellast

e 4
4% § Gelenkfedam
= Stabeigenschatten

ntenlaste A B ella
4y g Bemerkungen
-3 Standardsysteme
~4» Fachwerke
4% Bahmen

I Einzallast
@ vorgegehene Ubetlager 50 0,000 10,000 oooo| o
i@ Meavawerte aus vorg. Ube
@ max/min Ub. aus Lf. Th.1
@@ EinfluBlinien
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2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Examples for erroneous system parameters - Example 1

r

L Pending node!

T 2 CT—=—,
4 Error diagnostics:
1 ::al Nodal point 5 has been defined and is loaded by a force F.
However it is not connected to the FE system. Node 5 is a
,pending node“.
1
<
Element definition (erroneous): Element definition (correct):
Element number Node 1 Node 2 Element number Node 1 Node 2
1 1 2 1 1 2
2 2 3 2 2 S
3 3 4 3 5 3 <
4 3 4 Jv
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2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Examples for erroneous system parameters - Example 2

\-\-\'\_‘—\—\_

region 1 //_“——"_\ region 2 Problem

\ Rectangular finite elements in two
adjoining regions of a plate have
/ been generated by a FE Program.

[ \ Attention! The elements at the
/ common interface are NOT
connected unless special
\ elements for this purpose are

] / used. FE nets have to be checked
1 carefully!

J

Prof. Dr.-Ing. Horst Werkle 58
Finite Elements in Structural Analysis 01/23



2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Examples for erroneous system parameters - Example 3

F
i Instable system !

Problem:

A instable system is entered
into a FE program. What is
the response of the

N program?
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2 Truss and beam structures / 2.2 Truss element

FEM for truss and beam structures

Examples for erroneous system parameters - Example 3

==t Emmm == === - === - == == == e
1.U Nr. Mat Name {cmd) cm2) {cm2) fcm) rcm3)
£T (cm=)
1 1 IPE300 g3al 55.8 21.4 30.0 a57.0
557.0
2 1 IPE40DN 23130 B4.5 35.1 40 .1 11a0.0
1160.0
[ |
PLASTISCHE SCHNITTGEOM FLEraxKR300 &
—————————————————————— System instakil bei JE=10von MF =11, Knoten 4.1 |-——————- Error message Of
Nr Mat NE1l the programl
(k1)
1 1 1291.2 =] 204 .6 0.0 444 8
z 1 2028 .0 513.9 4a0.a 55.2 673.4
3YIATEM Projektionen ouerschnitt KEKnoten
oy - _______
3 Stab L (m) Lz (m} ol Q2 Ende 1 Ende 2
_jl 1 .ooo 5.000 1 1 1.0 2.0
z 10.000 .ooo 2 2 2.0 a.0
3% .ooo -Z.000 1 1 3.0 4.1
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

llO kN
2

e

y V4=O
T_é e X 3
us=0 = u3=0

E=2.1.10° KN/m? A =0.004 m?
{,—£,=300m /.—/;=3.00-42=424m

Prof. Dr.-Ing. Horst Werkle
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Element stiffness matrix

U, U,
o— oO—> E.A 1 —-1||uU
1 2 - . d T =
4 -1 1] |u,
Fl X(Iok) F2
00— - O -

Element section force matrix

EA u1
<N o 0N> N = / [_1 1]' Y
V=0, M=0 2

Prof. Dr.-Ing. Horst Werkle
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

(@)
Degrees of freedom: Vs ?sz s
2

Stiffness matrix:

Section force matrix for normal force:
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element1: a=0°

(lok)
: 3.00 ~ > —>
Uz
Element stiffness matrix
F." 1 —1][u
., F2.8010°- { } ” !
sz-. ! _ 1 1 u2 —»M—»

Element section force matrices

N-= 28.10°. [—1 1]-{31}
2

Prof. Dr.-Ing. Horst Werkle
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

>

Element 2: a=90° TN

E-A_5410:.9004_ 55400
7 3.00

Element stiffness matrix

F.2 1 —1][v,]
2 [=2.8010° - N7
F. | -1 1]V,

y2

Element section force matrices

N= 28.10°. [ -1 1]-{H
2

X(Iok)
_>
V3

Prof. Dr.-Ing. Horst Werkle
Finite Elements in Structural Analysis

01/23

65




2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element 3: a=0°

(lok)
X
EA_5110:.2294_5 .10 S —>
4 Uy Us
Element stiffness matrix (3) (3)
i
P — - x4 x3
de.ﬂ. i 1 o 1 u4 M—»
o) [F2.8010° i
F:-:S. - 1— u3 -

Element section force matrices

N= 28-10°- [ -1 1]-{”4]
U3_

Prof. Dr.-Ing. Horst Werkle
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element 4: a=90° T_. E;T

E-A_5110:.0004_ 55 400
, 3.00

Element stiffness matrix

(4)

F 1 1
“ 122.80.10°- { } Vs
F. -1 1] v,

© <
: : - >
Element section force matrices >< T
5 vV, =
N=  28.10°- [ -1 1] s,
V _
1
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element 5;: a =45°

E-A_2110° 299 4 98.10° ?FS)
7 4.24
_>F(§)

Element stiffness matrix
I~ A - - - - (5
o 0.5 0.5-0.5-05]u, FJ? .
F .| 05 05-05-05]|v, K
o | = 1.9810° | e
F.” -0.5-05 05 05| u,
F. | -0.5-05 05 05]|v,] Vo

u
Element section force matrices 0 ’

+*

N=1.98.10°.[-0.707 -0.707 0.707 0.707| Vot 2

U,
Vv,
U,

_VZ_
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2 Truss and beam structures / 2.2 Truss element

Element stiffness matrix of a truss element

Example: Element stiffness and section force matrices

Element 6;: a=135°

E-A 541009994 _ 4 95.10°
424

Element stiffness matrix

F.° [ 05-05-05 0.5]u,]
e -0.5 05 0.5-0.5|v
B | = 1.98.10° |
F.’ .05 05 0.5-0.5]|u, y
e | 05-05-05 05| v, T )
o Ug
Element section force matrices U, Vs
N =1.98-10°-[0.707 -0.707 -0.707 0.707|- 's TN T
Yy *//O'{'/ Us
_U1_
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