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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Types of hinges

Bending hinge S i B )c ( — — — removed bonding: Moment

Shear force hinge — — — i b—d ? — — = removed bonding: Shear force
_> <—

Normal force hinge — — — =1 — — — removed bonding: Normal force

Torsional hinge —_—— = — — — removed bonding: Torsion moment
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Stiffness matrix for a bending hinge

F (lok)
Beam element T vi

o FyZ(IOk)
(0}
with a bending hinge M1
) MZZ(Iok) -0

 The beam possesses no stiffness in the degree of freedom whose bonding (hinge) was

Consideration of the hinge

removed.
« This requires a transformation of the stiffness matrix

* Any application of a load is not possible in the released degree of freedom
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Stiffness matrix for a bending hinge

T Fyl(lok) TFyz(lok)
Beam element V] (lok)
with hinge ' 3 21 O
MZZ(IOk) =D
Stiffness matrix 12/ /07 6/0 —12/0° 6/0 _V (k)] [ E (lok) ]
without a hinge: E.| 6// A _6// 2 0 (1ok) My (Iok)
| =120 —6/0 12/¢2 —6l0| v, | |E"™
6/ 2 ~6// 4 |19, |M,"™

Row 4 for M,,(°% yields:

E-l//- (6/€ . Vl(lok) L9, (Pl(lok) _6//- V2(Iok) 4. (pz(lok)) _ Mzz(lok) _0
N (PZ(Iok) =—3/(2-7)- Vl(lok) _1/2. (Pl(lok) +3/(2-1). V2(Iok)

Applying in the rows 1-3 obtain the transformed stiffness matrix
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Stiffness matrix for a bending hinge

with hinge 3} M, :
M1 =

Stiffness matrix of a beam element with a bending hinge at nodal point 2:

E I_ 3/62 3/€ _3/62_ _VSOK)_ _Fyl(lok)_
= 3/7 3 —3/7 |- (PSOK) _ le(|0k)
| 3/02 =-3[¢ 3//° | _V(Zlok)_ Fyz(.ok)
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Practical hints

Faulty definition of hinges may lead to kinematic mechanisms.

At nodes with several adjoining beam elements with moment hinges it must be
ensured that the rotational degree of freedom posesses some stiffness (i.e. it is
connected to an element without a hinge) or is fixed.

If in the analysis of a beam structure with hinges the error message ,kinematic
mechanism® appears the hinge definitions must be checked carefully.

N N\

\ / L — / ! 2 Beams with a hinge

Example ! ~ T ->1 Beam without a hinge

\ e/ 3 Beams with a hinge
i -> Degree of freedom is fixed
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Faulty definition of a hinge at the end of a cantilever

Support Conditions

System of equations with constraints:

F
System 4 i - 2 1 - FE—- -
y n . 3{¢—3ft—=31"o v, [F v, =
| 3/ K 3/¢ O (pl_l\/l1 ¢, =0
VlT VzT —3/62 _Eblg 3/62 0] V2 F2
Displacement ‘\} ‘) 0 0 o) o] |9, M,
P2 ¢2 R
FlT FZ
External forces ! _ _
" ) w Vi = O ¢,=0
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Faulty definition of a hinge at the end of a cantilever

System System of equations:

! ’ El|3/¢° o||v,| | F
1 o0 0]}, M,
Vi VZT
Displacements ‘)

D1 P2  Properties of the system of equations:

* Singular stiffness matrix

Fy F,
T T «  System of equations cannot be solved
External forces %7 ’ «  Application of a moment M,
M M

1 2 IS not meaningfull
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Faulty definition of a hinge at the end of a cantilever

Remedies:

a) Fixing of the degree of freedom

El 3/ V, F, F,=-F
¢ z z ¢, =
F F
Lw - A l 3 EI/ 3 I: V —_F;E?’
’ By, =-F B

b) Rigid rotational spring at point 2

F
l 3-Elle* o][v,] [-F

E o) k(p (|)2:|\/|2

Regular stiffness matrix

S
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Faulty definition of a hinge at the end of a cantilever

Remedies:

c) Elimination of the (faulty) hinge definition

F
‘ 124026121026/ T v ] [F ]
1 yl
= /ﬂ E.| 61t 4 =6/ 2 ¢, M,
—12)¢* —6/¢ 12/¢* -6/0||v,| |F,
6/} 2 —6// 4 110,] |M, |
Global stiffness matrix
El [12/0° —-6//7] |V, F,
e . - o  Stiff trix | I
g _ 6 / y/ 4 (P2 |\/|Z2 Iffness matrix Is regular
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Two beam elements with a bending hinge

Hinge definition

Tlﬁ M = 10 kNm
System 24]1 3 c(‘ 5 3%
2
. .
2m 2m
Hinge in beam 1 DV el T 25
d 10
. . -10
Hinge in beam 2 Bl o |/J_/|-7,5
N [kNm]
Hinge in beam 1 + 2 -O—

Consequence

Moment M is introduced as
nodal load for nodal point 2

M applied on beam element 2

M applied on beam element 1

No moment diagram!

Forbidden kinematic
mechanism for @,
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2 Truss and beam structures / 2.4 Beams in bending

Hinges

Example: Moment pair acting at a bending hinge

TN I
\ 7/ Y

e

Al Al
Problem: At the nodal point the moment pair cannot be applied.
Solution:

* Insert two short beams e.9. A|l=1cm

 Define moments as element loads at both beam elements.
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2 Truss and beam structures / 2.5 Assembling of structural systems
Degrees of freedom of plane truss and beam systems

2D systems

OF

2 degrees of freedom for each nodal point: uU; and Vv;,

Nodal points which are connected only with truss elements and displacement springs.

3 Degrees of freedom for each nodal point: u;, vy and @,
Nodal points which are connected with beam elements or rotation springs.

All other degrees of freedom are to be fixed in order to avoid a singular global stiffness

matrix.
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2 Truss and beam structures / 2.5 Assembling of structural systems

Example: Structural system

System Nodal points and elements

Mo
) ® @
g“ El, Y . 1 g}l Y2 3

EA. e ©)
y
X
8 Y 84
[ [,
Element types Deegrees of freedom
AV1 \F V3
Elements 1,2 : Beam elements 4~ 1 P2 Ps3
: U O
Element 3 : Truss element : e =
Element 4 : Spring element
"
g
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2 Truss and beam structures / 2.5 Assembling of structural systems

Example: Structural system

Element 1: Stiffness matrix of a beam element

AV

0,

0, |

Restraint condition V;=0
already considered in
the element stiffness
matrix
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

Element 2: Stiffness matrix of a beam element

12 6 12 6 |
A P

2 _ _ _

6 6 v,| [F?

— 4 - 2 2)
E-l. . l, l, P2 M35
0, | 12 6 12 6| |vg| |F?

622 62 622 EZ _(PS_ _M(223)_

6 L, _6 4

ly l,
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

Element 3: Stiffness matrix of a truss element AV
0O 2
E'AC (3)
P T E
3

V4

Element 4. Stiffness of a rotational spring
4

(4) _

My = k(p 1
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

Matrix with restraints: uy;=0 u,=0 ug=0 vy=0 u,=0 v,=0
0 0 0 0 0 . _
ro 0
0 0 0 0 0 ?,
v, 0
0 0 0 0 0 e, |=
0 v .
0 0 0 0 L9, -F
0
0 0 0 0 0 - -
q x [ @
k rw l AV1 V> V3
; YVVVVVVV VY 2 @ @ RN P2 )‘P3
El. T El 1 2 3 Ui U U
EA. o ®
y Tw
o} , g &
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

Addition of element 1

0 _
o
O v,
P | =
v, M
| Ps
0] 0
0 0 0 0O O
with c, = EI./ and c,=EI ./,
Element 1
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

with

Addition of element 2

and

c,=EI /1L

c,= EI./{
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

with

Addition of element 3

_6& 2'C1 0
Il
12-0—2+12-Cz2 _6.&_,_6.072 _12,&22
1 |2 Il Iz Iz
C
—‘5°&+6-g2 4.c,+4-c, —-6--2
A ,
-12- 6.2 12. 52
l, l, 1,
6C72 2.02 —6072
L B
¢, = El/Y and c,=El /4,
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

Addition of element 4

l+4-c1 6 Tl 2.¢, 0 0 ) )
: |2
6.8 128,108 FA L g6 68 5.0 5% (g 1
Il Il |2 |3 |1 |2 Iz 2 V2 _qli
C C C
2.¢, ~6-7 6.1 dcrde, -6t 2| g - ,
e c c. c Vs M+q'1li2
0 _1272 _6.72 1272 -6 -2 _FE
|2 | |2 | | Ps |
2 2 2 2 0
0 6.2 2.c, 652 4., - -
i 1, 1, |
with c,= ElI./¥ and c¢,=EIl./{,
Element 4
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

Global stiffness matrix

K, +4-c, —6-(;1 2.c, 0 0 ]
; |
EA c c c - -q-
_g.% 12.% 1272 > 5.9 46.%2 _10 -2 6-* @, | 12
Il I]_ 2 IS Il I2 I2 2 V Il
c, .¢c c, ’ —4
2.(;1 —06-+46-—= 4-Cl+4-C2 -6-—= 2'C2 | @ 2
Il |2 I2 ’ M+q L
0 ~12- % 6.2 12.7% -6 - e
) , , 2 K2 -F
0 6.2 2.c, 6.5 4., 0 |
] : l, |
q % [ (4)
k rw l AV1 . Vs
H F VYVVVVY VY Pay @ @ ‘\(pl (PZ ﬁ?i
El. T El 1 2 3 Uy U U
EA. st @
y Il
X
o} }» 4 s

Prof. Dr.-Ing. Horst Werkle
Finite Elements in Structural Analysis

01/23

23



2 Truss and beam structures / 2.6 Three-dimensional elements

3D Truss element

Element stiffness matrix

3 degrees of freedom at each
nodal point: Az

6 X 6 Matrix

Derivation:

* 3D coordinate transformation of the
local stiffness matrix

Kap =Tap K" . T4
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2 Truss and beam structures / 2.6 Three-dimensional Elements

3D Beam element

Element stiffness matrix

6 degrees of freedom at each nodal (922$ /(Pyz
point
| Wa2p Ay,
12 x 12 Matrix Ay 2, -
Uz Px2
Derivation
« Augmentation of the two-dimensional
local stiffness matrix by transverse (pyl
bending and torsion.
» 3D coordinate transformation & . ..
Px1
T o (lok) X
_ ) ) ; ,A .-
Ksp =T3p K" - Tap
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2 Truss and beam structures / 2.6 Three-dimensional elements

3D Beam element

Stiffness matrix of an element subjected to torsion (St. Venant)

(lok) (lok)
Px1 ON) B ( (Iok) (Iok))_ 14
PP e—— - P =1Px —Pxa o '
G ° IT
(lok) (lok) .
MX1 —>>__» sz Mxl(IOk) e —T - Gng -( (pxl(IOk) —(pXZ(IOk))
. G-I 0 0
Tae e e T M09 = T = ; T -(—(pxl(' RO k))
<0
lok lok
G-I; |: ) _1:| ; (pxl(O) - Mxl(O)
- (lok) | (Iok)
4 1 1 (px2 MX2
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2 Truss and beam structures / 2.6 Three-dimensional elements

3D Beam element

Displacements and forces

Mz1
(Iok) P P22
(pyl (Pyz M

y1
t 0 v A vy W7 For A Fys / Foo AFy2 /

— L — —
(10K) @y1 Uy 2 U2 @ Myi  Fy 2 Fxo My

Displacements Forces

1 Stab
T (Stab) X N T
y Y Z(Stab) / Vy2 V5
Mpy2
#Mbﬂ
Section forces
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2 Truss and beam structures / 2.6 Three-dimensional elements

3D Beam element

# 0 0 0 0 0 _E-A 0 0 0 0
|
12 -E-I, 6-E-I, 12 -E -1, 6-E-I
0 E 0 0 0 B 0o - 3 0 0 0 2
12-E-l 6-E-I 12 -E - 6-E-I
y z y z —
0 0 |3 0 |2 0 0 0 - |3 0 - |2 0 u; Fxl
0 0 0 Gi'T 0 0 0 0 0 _GiIT 0 0 Vi Fy1
F
6-E-l, 4.E.l, 6-E- 2.E-, NG
0 0 - |2 0 I 0 0 O |2 0 I 0 (pX]. MXl
6-E-l 4.E-l, 6-E-I, 2-E-l, Oy1 My,
- 0 0 0
0 = 0 0 0 | 0 P | Pz |_ [ Mz
_E-A 0 0 0 0 0 # 0 0 0 0 0 Uz || P
F
| 12 -E-I 6-E-l 12 -E -1, 6 -E- Va y2
0 - 0 0 o —=5= 0 ; 0 0 0 - Wy || Ry
M
12 -E-| 6-E-I 12-E -, 6-E-I, Px2 X2
y y 0 0 0 0
0 O - |3 IZ 0 |3 |2 (py2 My2
0 0 0 _ G-Iy 0 0 0 0 0 G I It 0 0 P22 M,
|
6-E- 4.E-I
6-E-I 2-E-l y
0 0 7 Y 0 | Y 0 0 0 12 ° | 0
6-E-I 4-E-|
.E. .E. — z 0 0 0
0 6 :52 l, 0 0 0 2 ? l, 0 2 |
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End

Introduction
2 Truss and beam structures

Plate and shell structures
Modeling
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2 Truss and beam structures / 2.5 Assembling of structural systems

Example: Structural system

Element 1: Stiffness matrix of a beam element

AV AV2
. %.LLLLLLLL D
P1 511 )
_ _ ) .
s -8 . q-£y
l 0. ] [MW] 12
(Pl z1
E-l, _E E _E v, | = F(lz) — q-£4 Restraint condition V;=0
l, l, 512 l, y(l) 2 already considered in
6 o] |[My ] q.glz the element stiffness
2 - - 4 BT matrix
: 1 il _ _
J
Prof. Dr.-Ing. Horst Werkle 30

Finite Elements in Structural Analysis 01/23



Prof. Dr.-Ing. Horst Werkle
Finite Elements in Structural Analysis

01/23

31



2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

Element 2: Stiffness matrix of a beam element

AVZ AV3
b5
€2
2
2, P3
(12 6 12 6
622 62 f22 62 L o(2) ]
6, 6 ||V Fy5
E-d. | 4 ty P2 M
(|12 6 12 6|'|v,| |FY
6, Lt 03] [MYP]
6 L, 6 4
| 62 f2 _ o
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2 Truss and beam structures / 2.5 Assembling of structural Systems

Example: Structural system

Element 3: Stiffness matrix of a truss element

AV
02
E.AC ,V _ F(S)
/ 2 y2
3
3
Element 4: Stiffness of a rotational spring g
4
4
(4) _
My = k(p 1
J
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