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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Discretization of a plate into finite elements
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Finite element

Prof. Dr.-Ing. Horst Werkle
Finite Elements in Structural Analysis 01/23



3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

b/2 | b/2

Vl‘

Degrees of freedom and element forces

Displacements

A Fy4 A I:y3
Fx Fx
.9 | 4 .3—> 3

Element forces
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape functions of the displacements

v "“1A v
| ' Uy ‘ : - V= R+ ByX + Byy + Byxy

u(x,y), v(x,y)

Y
X

o) u=N, -a

Shape functions of U

AV4 V3
» U I > : :
K . - B Us Bilinear shape function for the displacements:

U= a; +oyXx+ozy-+ a
bilinear term
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape functions of the displacements

Nodal point displacements

nodal point 1:
u, = a; + a,(-a/l2) + a;-(-b/2) + a,-(-a/2)-(-b/2),
v, = B+ B, (-a/2) + B5:(-b/2) + 3,-(-a/2)-(-b/2),

" b/2 , b/2

AV, V3
== Usg I;» U3 nodal point 2:
Y,V U, = a; +a,-(a/2) + as(-b/l2)+ a,(a/2)-(-b/2),
1 T_»XM V, = By + Ry-(@/2) + Ry (-b/2) + B, a/2)-(-b/2),
Tf»u V2 nodal point 3:
v o = Ug = @+ ay(a/2) +ag(bf2) +a,(/2)(bl2),
a2 L ap Vo= By +Ry-(a/2) + Ry (b/2) + R, (a/2)-(bl2),
; a nodal point 4.

Uy = ay + o, (-a/2) +ag(bi2) + ay(-a/2)-( bi2)
V= B+ By(-a/2) + By(bi2) + R, (-a/2)( br2).

The parameters a;-a, and 3;-3, are expressed by the
nodal point displacements u,, v;tou,, v,.
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular element for plates in plane stress

Shape functions of the displacements

v ™ Lo Lo 1ol
—— u
~ 147 = 7 Lo I o I o 1 g
= TV;V a, a a a a U,
. X,U a L 0 = 0 1 0 1 0 Vi
~ Vv Vv b b b b
o)
Uq Uy |q 1l 0 -—— 0 — 0 -—— 0 y
- 1. .2 a|l_<la-b a-b a-b a-b 2
2 1 1 1 1 u
~a/2 . a2 b 0 3 > 9 5 0 > ’
) T P2 1 1 1 1 [V
4 0o -—-= 0 = 0 = 0 —=
A B a a a a ||
By 0 1 0 1 0 1 0 1 Vy
b b b b
0 2 o _2%2 o 2 44 _2Z2
L a-b a-b a-b a-bl
a = A -U,
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

b/2 | b/2

Vl‘

Shape functions of the displacements

Displacements U, expressed by a

AV, V3
L, Us | .
T Y,V T
X,U

Tvl t V2 a = A

u _ L.

| ¢ -
af2 1. a2 a, expressed by the nodal point displacements U,

u:Na'A'ue

or UZN'ue

U

e
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape functions of the displacements

u(x,y) =Ny (X, y) Uy + N, (X,y) U, + N3 (X y) Uz + Ny(X,y) - Uy

Av, T V3 VX, ¥) =Ni(%Y) v+ N (X,y) vy + Ng(Xy) -V + N4 (X Y) vy
__, Ug u
49

i 2

. a2 . a/2

Sk

o d

with:

11, 1 .1 11,11 11 1 1 1 1.1 1
= — N N X+ +—xy N

=2 2ar 20 e a2 b e 24 23 20 ab Y 44 2a 20 ab’
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape functions of the displacements

Shape functions U,
11 1 Vi
"4 2a Zby ab Y U,

L1 11 {u}_{Nl O N, 0O N; O N, O] Vv,

Z 4 2a Zby ab Y N O N O N, O N3y O Nyj|u;
1 1 1 1 Vs

Ny=— yt+—Xy
4 2a Zb ab u4
LN SO VI B u=N-U, Vg

N, = X+
"4 22" 2b° ab

7 L7 [T T
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

b/2 | b/2
0

Element displacements

AVy LV: QZN.Q e

u
i = 93" Us
Y,V 1 1
uix,y)= —(u;+u,+uz+u,)+ X-—(-U;+U,+Uz—U,)+
X,U 4 2a

Tvl V2 1 1
® Ui o Uz yz—b(—ul—uz+u3+u4)+x-y-£(u1—u2+u3—u4)
B a/2 L a/2
i S
: a

1 1
V(X,Y) :Z(V1+V2 +V, +v4)+x-£(—v1+v2 +Vy =V )+

1
Yo (Ve V2 # Vg +V XY~ (Vi =V, + Vg = V)
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Strains

T

- 1T 11V

du o N, 0 o N, 0 o N, 0 o N, 0 ul

€, o X X dX X dX 2

e, oV |_ 0 o N, 0 o N, 0 0 N, 0 ON, ||V

y ay ay ay dy | |Us

Yy du dv| [dN, aN, dN, N, IN; AN, 9N, IN, ||y,

dy ox | | dy oJx 9y dXx ay d X ay oX | u,

[ Va
£ = B -u i
Vi
u
£, . 2y-b 0 —2y+b 0 2y+b 0 -2y-b 0 ?
vV
&y |=5ab 0 2x-a 0 -2x-a 0 2x+a 0 —2x+al-| °
a u
Yy 2x—-a 2y-b -2x-a -2y+b 2x+a 2y+b -2x+a -2y-b|| °
Vs
Uy
Shape functions Vy
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Stresses
Strain vector § i ue
Hooke's law G = D &
Stress vector G = Q ’ E ’ ue
1 uw O
with D = E 1 0
= - 1_ MZ ’ M 1
0 0 il
} 2
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape functions of the rectangular plate element and
stresses derived thereof

Shape function

u \Y)
Ug ’ Va 2
3 u(xy), v(xy) 3 bilinear functions
u; y V1
. L 4 X L
1 2

u(x,y) v(x,y)
Stresses derived from the shape functions for #=0
'y constant in x-direction
_ Txy4 o linear in y-direction
3 . L
ﬁ o y constant in y-direction
Sl <% linear in x-direction
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element stresses

L_p Y4 .3 Us

b/2 | b/2

y,v
. 5=D-B-u,

V1 ¢ V)
Ui U,

@5

a2 . a/2 _ E P | o
a T A p?y.2.a.p (87Y D) WU m )+ {20y D) (Us ~ ) ¢

we((2-x=a)-(vy—Vy)+(2-x+2a)-(-V, +V3))]

E
Oy =(1_H2)_2.a.b-[u-((2-y—b)-(u1—u2)+(2-y+b)-(u3—u4))+

(2-x-a)-(v;—Vv,)+(2-x+a) - (-v, +V3)]
E
Y 4.(1+p)-a-b

T

[(2-y =b)- (v =Vy) +(2-y +D0)- (Vs —v,) +

(2-x-a)-(up—u,)+(2-x+a)-(u; —u,)]
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Principle of virtual displacements

Principle of work: Wi — Wa

Internal work: Wi — t J‘gT

Wi=1u,"-t[B'-D-B dx dy -u,
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Principle of virtual displacements

tv4 B t V3 External work
Usg Us

4 3 done by the element nodal forces:
Y,V
v T—'x'” v
d 2
Lul LUZ - o T
: ’ a=Ue e
Virtual displacements
AF,, AFy3 Wa:[ul Vi U V, Ug V3 U V4]'
Fx Fy
L= - ' Ele ’
.
I:yl X I:y2
I:xl I:x2
1® “

Real forces
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Principle of virtual displacements

Virtual displacements

‘t jB'-D-B dx dy -u, =‘-Ee

AFv4 AFys . . . : —
Fra Fos This applies to all virtual displacements U,
4.__> ‘3_> T
y
. T_,X - t-/JB-D-B dx dy -u, = F,
I:xl

@ a
Real forces

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Stiffness matrix of a rectangular plate element

Finite Elements in Structural Analysis

01/23

_ Kip K K ki Kis kg Ky Ky _ U Fa
Ky Ko Kog Koy Kps Kpg Ky Kyg Vi Fyl
T_Vi Us T_V: ’ Kip Ky Kiz Kyy Kgs Kyg Ky Ky U, F
% T T_yil I 3 E-t I(41 I(42 k43 I(44 k45 k46 k47 k48 Vv, Fy2
§ Tll.ul - T_V,Z u 12-(1- qu) Ks; Kep Kez Koy Kes Kgg Ks; Ko Ug Fis
a* - o Koo Koo Kes Koy Kes Kgg Kgr  Kgg Vs Fy3
a Koo Ky Ko Koy Kos Kyg Ky Ky u, Fr
L Koi Keo Koz Kes Kgs Kgg Kgy K A2 |:y4 i
Elements of the stiffness matrix e
Ky, =F,
Element stresses
Prof. Dr.-Ing. Horst Werkle 18



3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Plane stress element with a single free degree of freedom

F =1000 kN
>

E=3,0-10" kN/m?

y n=0,2
‘ 1 v, —
X t=0,2m
X Pracd

1,00 m Rk
t

4

4

ad

0,50 m

le
|‘

From the stiffness matrix: kg5 - u; = F,53  with:

E-t b a 3.107.0.2 0.5 1.0
k. — 4.212.(0=u)2 | = 4. 2.(1=0.2)==1| =2.70-106 [KN/m
> 12-(1—u2’( a (“)bj 12.(1—0.22)£ 10" 2 )0.5) iy

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Plane stress element with a single free degree of freedom

Solutions:

_ _ 5 0.5 1.0 I
Restraint forces in [kN] P =Kis "Us =5.21-10 —2-5—(1—0.2)-Ej-3.69-10 =-500
s( 3 1.0 »
_ ¢ Fa=kes Uy =5.21:10° = 2-(1+0.2)- = |-3.69-10 _ _346
4 3
= F,=Kg -U; =5.21-10° 2-0j—2-(1—0.2)-£j-3.69-10‘4 =423
Iy s |, " 1.0 0.5
X
; Loom F, =kgs -U; =5.21-10° %(1—3-0.2))-3.69-104 = 115
Fjs =Kes -U; =5.21-10° g-(1+0.2)-)-3.69-104 — 346
0.5 1.0 .
FX4 :k75 'U3 :521105 _4ﬁ+(1_02)ﬁj36910 4 = 77
F,s =Kgs -U; =5.21-10° —g-(l—CB-O.Z)J~3.69-1O4 — 115
Prof. Dr.-Ing. Horst Werkle 20
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Plane stress element with a single free degree of freedom

Restraint forces in [KN]

= A
77 1000
- 7 3 -
500 423
-—t 2 ™
(o] L0
Y -

The element forces fulfill the equilibrium conditions!

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Reinforced concrete deep beam

C g=1MN/m

STTIT T

10,0 m

E=3,0-10" kN/m?
u=0

m / t =0,5m

C
13.0m

Y
A X

XA_ v

Beam theory

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Reinforced concrete deep beam

2 x 2 elements

I'c
B g SectionC-C: Ox | Oy Section B - B:
PYy Y VY Y VYYVYVYVYVYYTVYD 04T — ‘
' 4TI 2,6
|
L
-0,6 ’ -0,1 -0,2
Z Gy Oy Section A - A:
A A 1,7 1,6 11,0
1C - Ox I I~ ,
i \I—S’O
i
i

: Txy
Stresses in

MN/m? 28 __——=-13

Stresses of the 2x2 FE discretization Shape functions

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Reinforced concrete deep beam

4 x 4 elements

Ic

_B, Lot & Lot i Biok & & B B Section C-C

-1,1

-0,8

-0,9

0,2

A 5 s
iC = o

Stresses of the 4x4 FE discretization

| Gy SectionB-B

Gy Section A-A

1,0

Stresses in
MN/m?

! Txy

\I -10,0

1,9

0,8 %7

127

3.2

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Reinforced concrete deep beam

8 x 8 elements

IC
Section C-C Oy : c Sectio = ~
STl e Gl 5 v
-0,1 I
'1r2 '014-1,1'1,6'1,9 '1,9_ '2,0
N e R |
-1,0 i . ’
-1,0 01 ™01
7 _O 2 7 =k oA _0 1
’ | ’
-0’9 : ‘0,3_0’2 '0,2
-0,4
0,8 Oy oy Section A- A
2,4 7.3
A . A 4,2 4,7 4,8 4,2
C = Ox 01 _%°
IO _0;1
;
i
|
i -20,2
|
i

Stresses in
MN/m? 2

Stresses of the 8x8 FE discretization

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Reinforced concrete deep beam

C  a=1MN/m Results:
RN EYYE N
i ° O-x, middle, top o X, middle, bottom c)-y, support * W middle, bottom*
|
i
2 § 2X2 -0,4 1,6 -5,0 -1,22:10°
o i 4x4 11 4,3 -10,0 -1,76'10°
X I m / g
L & = 8x8 -1,6 4,2 -20,0 -2,40°10°°
]
16x16 -1,8 4,2 -40,9 -3,05-10°
* Values must be discarded -
due to S|ngu|ar|tyl 32X32 '1,8 4,3 '80,8 '3,69.10_
Oy, middie, top @1 Oy middie, bottom CONVErge to a constant value for mesh refinement.
Stresses are reliable for the 8x8 discretization and finer meshes.
Prof. Dr.-Ing. Horst Werkle 26
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Reinforced concrete deep beam
C gq=1MN/m

sf1JIJJ31I1117}1lle  Convergence at the support point:

At the support o, increases for a mesh refinement continuously as:
5->10-> 20....

This reveals a stress singularity.

10,0 m

m I ] A

Y
A X

- c a The stress values obtained have no physical meaning!
L 13.0m N
[ g
thickness Cause
t B : : : . B
_ For a point support: a > 0 im o. =lim — =
6y =—"— y
y a-t a—>0 a—>0q-{
The FE stresses approximate the value « for a mesh refinement.
A A A A
T Oy Other singularities in the model:
I 5 - Shear stresses at the support point.
a - Vertical displacements

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element loads

Element load Equivalent nodal loads

Equivalent nodal forces for element loads

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element loads

Distributed loads

Distributed load p, Forces
4 3 g
—_— — —> Wi = Iu + jv
— — —| |
V

% Wa=[(u-p, + v-p,) dxdy = [u px dx dy
% a * y

Distributed load py = M u=1N- u

SEERR g
2XRR% Wa=1u,-[N"-p dxdy

\ Shape functions of the displacementS

Prof. Dr.-Ing. Horst Werkle 29
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element loads

Distributed loads

Distributed load p,

— —T
— —> —| | Wa ge EL

— —> —> b
—> —> —>| | —T —T T
===t WR =0l N p dxdy

Distributed load py Equivalent nodal loads

SRERY.
HiH Fusl N'paxdy

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element loads

Constant distributed load

asb asb
Distributed load p, 4 Px "4 Px F =] NTp dx dy
¥ X ua — —_ B
—_— —> —> - - -
—_—  —  — b F|_X1 pX
1_> i , & — — |:Lyl py
asb asb
+ - + 4 Px 4 Px |:Lx2 Py
a;bp L’bp F
Distributed load p, f ’ i ’ Ly2 | _ &~ b py
FREY el
|:Ly3 py
RRRRR b b
Py 4Py |:Lx4 Py
_FLy4_ Py

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element load

Edge load Pyza Pys

HHHH

]

Edge load Py 3.4
x4 '

—
— —> —>

px3

Element loads

Line loads

Equivalent nodal loads

a a a
6Pt 3P g PRT g Py

; é

a a a a
@px3+ ?px4 ?px3+ @px4

Example

Loading of the upper element
edge through linearly distributed
loads in x- and y-directions.

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

40 kN/m 500 kN
YYVYVVYVYVYY YYVVYVVYVY AVs AV,
e c > >
i o 5 . 3 Us Us
| ¥ @ ® l W @ Ay, O, Ay,
Al D
. 6 1 2 u: U)I
[ o
8 ® ®
N 7 8
X
5.00 500 |
I
Structural model FE model (very rough) Stiffness matrix

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Element stiffness matrix
a=5m,b=4m,t=0.4m, E=3.10" kKN/m?und pn =0.2:

[ 5.2 1.8 -22 -06 -26 -18 -04 0.6 |
1.8 628 06 122 -18 -3.14 -0.6 -4.36
-2.2 0.6 52 -18 -04 -06 -26 1.3
-06 122 -18 628 06 -436 18 -3.14
-26 -18 -04 0.6 5.2 1.8 -22 -0.6
-18 -314 -06 -436 18 6.28 06 1.22
-04 -06 -26 18 -22 0.6 52 1.8
| 06 -436 18 -314 -06 122 -18 6.28

k®=1.04210°

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure
Global stiffness matrix

AV: AV,

T Va V3
Uy U3 > u)
4

Ay @ <A}>@ Ay,

>

Vi ! V>
L'ul L’ - i o
1 2 ©

Assembling an entry of the stiffness matrix

u;

kP =kGymemy 4 kEpmen®) 4 kemen®) =1.042-10° - (6.28 +6.28 + 6.28) =1.042 -10° - 18.84

Entries of the stiffness matrix

Stiffness matrix

Prof. Dr.-Ing. Horst Werkle
Finite Elements in Structural Analysis
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure
Global stiffness matrix

AVs AV4 AV3

I >
Uy Us

it

Y,V

T—VX,U AV6 @ CAQ @ AVZ

1 l 2 U2 Ug U, o))
®

Assembling an entry of the stiffness matrix

k%) = kiyme™ + kieme™?) =1.042-10° -(-4.36 +(-4.36)) =1.042-10° - (-8.72)
Entries of the stiffness matrix Stiffness matrix
Prof. Dr.-Ing. Horst Werkle 36
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Global stiffness matrix 40 kN/m 500 kN
AVs AV, Avs YYVVYVVYVY
= > B B—» | C
Us Uy Us !
I o
.o ), @ |, i :
v Al 0
® > .
o
y <
X
Determination of an entry of the load vector, 5.00 5.00
| | |
degree of freedom v, '
A 40-5
Fya= Ty F = -2 500 = - 600KN
2 2
Prof. Dr.-Ing. Horst Werkle 37
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Global stiffness matrix U,
Vi
156 18 -22 -06 -26 -18 -08 0 -26 18 -44 0 u,

18 1884 06 122 -18 -314 0 -872 18 -314 0 24 ||,
22 06 52 -18 -04 -06 -26 18 0 0 0 0 2
_06 122 -18 628 06 -436 18 -314 0 0 0 0 U,

26 -18 -04 06 52 18 -22 -06 0 0 0 0 ’
6|_-18 -314 -06 -436 18 628 06 122 0 0 0 0 3

1.042-10"- .
-08 0 -26 18 -22 06 104 0 -22 -06 -26 -18 ||y,
0 -872 18 -314 -06 122 0 1256 06 122 -18 -3.14

_26 18 0 0 0 0 -22 06 52 -18 -04 -06 ||V,

18 -314 0 0 0 0 -06 122 -18 628 06 -43|,
_44 0 0 0 0 0 -26 18 -04 06 104 0 5
0 2m o0 0 0 0 -18 -314 -06 -43 0 1256 | |V,
Ug

| Ve _

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

B B AVs Av, Av;
Displacements U 0.204 u) u) u)
vy —-0.344 5 4 3
u, 0.080 1V © v, @ 1v2
v, | |-1.613 8 i 5 9
U, 1.088
Vv —-1.635
K-u=F u=| ° .107m
— = = U, 0.936
v, | [-0.429 .
Us 0.818
Vi 0.302
Uy 0.260
Vg 0.237 |
Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Element stresses

Element stresses will be determined from the nodal displacements.

Example: Element 1, point 3 (local coordinates x=2.5, y=2 with a=5, b=4):

0.204 |

- 0.344
0.08
00 0 0 0.2 0 -02 O . 1 02 O 1613
B=|00 0 -025 0 025 0 0 D=3125-10' -|02 1 0 u®)_ _1'088
0O 0 -0.25 0 0.25 0.2 0 -0.2 0 0O 04 '
-1.635
0.936
915.3 | - 0.429 |
(e) KN
g=D-B-u g = 18.1 | —
2
1375 ) M
Cantilever structure Strains
Prof. Dr.-Ing. Horst Werkle 40
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Element stresses

D64 ve0l¥oo: 002 E\

0,72 0,14
-0,52] -0,

0,18 1] -0,05 -0,38
/ 044
- 0,25 -0.45471-0 .82 -0,82 -0,741-0,83  -0,33 -84 -002
|:|I|:|2 —D,EQ // -|:||Ei4
o 275 O,
037 -054 H 1,85

": -2 BB

[MN/m?]

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Nodal stresses

054 060
0,18

Nodal stresses will be determined as the average
value of the element stresses

Example: o, at node 4

(0,60 + 0,82)/2 = 0.71 MN/m2

[MN/m?]

Prof. Dr.-Ing. Horst Werkle 42
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Computation with fine element meshes

FE model 2(rough) FE model 3 (rough-middle) FE model 4 (middle-fine)

A

FE model 5 (very fine)

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Stresses in section | - | [MN/m?2]

B

model 1
model 2
model 3
model 4
model 5

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Nodal stresses FE- Model* 1 2 3 4 5
FE- size 5.000/ 2.500/ 1.250/ 0.625/ 0.3125/
40 kN/m 500 kN e e, [m] 4.000 2.000 1.000 0.500 0.250
PYTETTTE | PointA o, -0.761 -1.458 -2.414 -3.560 -5.041
B | C s, -1.440 2178 3.134 -4.310 5.847
: g Ty 0.289 0.508 0.996 1.652 2.483
Al D PointB o, 0.707 1.490 2.117 2.397 2.494
= |
g o, -0.502 -0.320 -0.106 -0.063 -0.069
—K Ty 0.135 -0.022 -0.009 0.000 0.002
- PointC o, 0.915 0.639 0.412 0.605 1.190
5.00 5.00
|
o, 0.018 -0.980 -2.507 -5.068 -10.043
Ty -0.137 0.345 0.666 1.228 2.422
: -1.64 -2.16 -2.50 -2.69 -2.80
* Stresses in [MN/m?], Ve
Displacements in [mm], Vo 161 -2.06 235 248 253
Lengths in [m]

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

/ Convergence behaviour

Reference values set to be ,1“
( Solutions of mesh 5):

) 40 kN/m 500 kN | OA-X — 5041MN/m2
li Ve IETETTETA
ocy 04 |/ — Og_, =2.494 MN/m?2
e Y, :
e o/ Al > 0., =10.043 MN/m?
02 y

| | | Vp =2.53mm

0
0 5 10 15 20
- Ve =2.80mm
Convergence: Vp.,, Vc.y, Ogy Divergence: Oc,, Oxy

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

Consequences

The tension stress o, in B converges to the value of 2.5 MN/mZ.

A sufficient accuracy in section | - | is obtained with more than 6-8 elements over the
height.

At single points e.g. point A (reentrant corner), point C (point load) the stresses increase
continuously with a mesh refinement, i.e. they do not converge! This indicates a
singularity in the structural model. The displacement at the point load has also a singularity

( V3 in point C).

The stresses at the nodes obtained by averaging the element stresses have a higher
accuracy than the individual element stresses.

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular element for plates in plane stress

Stiffness matrix for the rectangular element for plates in plane stress

b/2  b/2

with
T—\/4> T_V: Ky = Kg3 = Keg = Ky =4b/a+2(1-walb
Uy o> Us Kyy = Kgq = Kgg = Kgg =4alb+2(1-u)b/a
A K1z = Ky7 = Kgg = Ksg =3/2(1+u)
T—»XU ki3 = Ks; =-4b/a+(1-u)alb
Tli v Kig = Ko7 = ksg = Kag =-3/2(1-3pu)
M1 o U kis = Kg7 = -2b/a-(1-u)alb
a2 | a2 ’ Kig = Kos = kog = Kay =-3/2(1+p)
A g ky7 = Kgs =2b/a-2(1-u)alb
y Kig = Koz = Koz = Kys =3/2(1-3u)
Koy = Keg =2alb-2(1-u)bl/a
Kog = Kyg = -2al/b-(1-u)bl/a
Kog = Kyg = -4alb+1-u)b/a

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape function of the displacements

Shape functions

1 1 1y 1 X
14 2a 2b” ab
11 1y 1 X

2“4 22" 20° ab
N —1+ 1x+ 1y+ L Xy

4 23" 2b° ab
1 1 1y 1 “

"4 2a 20° ab
Ni(x,y)

I,

N, O N, 0O Nbj 0 N, O
O NN, 0O N, O N; O N
Q:N'ge

7 o7 LT

)

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element stresses

b/2 | b/2

B! Us
A T_V: QZQ'E'ge
o Y2
S S 2.y -b)-(u, - )+ (2-y +b)-(us ~u,) +

“T(@1-p?)-2-a-b
p-((2-x-a)- (v —vy)+(2-x+a)(-v, +V;3))]
E
Oy =(1_H2)_2.a.b-[u-((2-y—b)-(u1—u2)+(2-y+b)-(u3—u4))+

(2-x—2a)- (Vi —Vy)+(2-x+a)-(-V, +V;3)]
E

xy:4.(1+M)_a-b'[(2'y—b)'(V1_V2)+(2‘y+b)'(V3_V4)+

T

(2-x-a)-(up—u,)+(2-x+a)-(u; —u,)]

J

Prof. Dr.-Ing. Horst Werkle 51
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Principle of virtual displacements

TV4 B T Vs External work
Uy Us

4 3 done by the element nodal forces:

Vi \'%)
Uz Uz N —

-
- g a=Ue e

Virtual displacements

AFy Fya Wa=[0, v, U, Vv, G V; U, V,]
_»Fx4 Fx3
49 - 3

Fy1 T—'X Fy2

I:xl I:x2

1® 2

Real forces

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Principle of virtual displacements

AV, B T V3
_>u4 u
49 37 7 ay — T
Y,V Wa — Qe Ee
Vv i Y]
1 2
‘Lul LUZ
1 2
Virtual displacements thT.D ‘B dx dv -u. = -F
b-U-b Yy -Ue = Ce
AFy4 AFy3 . . . . -
o = This applies to all virtual displacements U,
4.—_> >

tBDded U, = F,
po sz .

) -
Real forces

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element displacements

L ©

" b/2 | b/2

T_V:, . QZNQe

a/2

2b

)
S~
N

QO3

1 1
u(x,y) = Z(u1+u2 +U; +U,) + x.z—"i(—ulJru2 +U; —U, )+

1 1
2 y—(—ul—uz+u3+u4)+x-y-£(u1—u2+u3—u4)

1 1
V(X,Y) :Z(V1+V2 +V, +v4)+x-£(—v1+v2 +Vy =V )+

1
y%(_vl_VZ V3 +V4)+X'Y'$(V1—Vz +V3—Vy)
Prof. Dr.-Ing. Horst Werkle 54
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element displacements

V3 Q:N'ue
» Uz .‘3. Us
¥ L»)(,u uix,y)= —(u;+u,+uz+u,)+ X-—(-U;+U,+Uz—U,)+
'Q‘ L>u1 U, 1 1
o, yz—b(—ul—u2+u3+u4)+x-y-£(u1—u2+u3—u4)
L a/2
<
1 1
V(X,Y) =—(V{+V, +V3+V, ) +X-—(-V +V, + V53—V, )+
4 2a
Yy—(—V, -V, + Vs +V )+X Y i(v —V,+V;—V,)
2b 1 2 3 4 ab 1 2 3 4
J
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Strains

T

_ oL v,

du o N, 0 o N, 0 o N, 0 0N, 0 |

€, o X oX o X oX oX 2

e |- av | _ o N, 0 o N, 0 0 N, 0 oN, ||V

’ y ay oy oy oy | |Us

Yy du dv| [dN, aN, dN, N, IN; AN, 9N, IN, ||y,

dy ox | | dy oJx 9y dXx ay d X ay oX | u,

[ Va
£ = B U o
Vi
u
£, . 2y-b 0 —2y+b 0 2y+b 0 -2y-b 0 V2
&y |=5ab 0 2x-a 0 -2x-a 0 2x+a 0 —2x+al-| °
a u
Yy 2x—a 2y-b —-2x-a —-2y+b 2x+a 2y+b -2x+a -2y-b Vz
Uy
Va

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

ERN G T T T
(o I e T T
L

© © © © Iee) © oe) o)
i N ™ < o © ~ ©
X N~ ¥ N~ ¥ X X X

i I %] < Te} © N~ 0
X ¥ XX N~ ¥ X X X
< < < < < < < <
i N %) < Lo © N~ ©
X ¥ X N~ X X X X
™ ™ ) ™ ™ ™ ™ )
i N ™ < Lo © N~ 0
X N~ N N~ N N~ ¥ X
o~ o N o o o o~ N
i N ™ < Lo © N~ ©
X ¥ X N~ XX X X X

— — — i — — — —

i o~ ™ < Lo © N~ ©
X N~ N N~ N N~ N~ X
|

S 8B Y BB LL|

X N X N X N N X __

28 B8 8 B8 8 28 |

X N N ¥ X X N X -
—

Ln o] LO Lo Lo Lo Lo Lo e
N——"

Stiffness matrix of a rectangular plate element

~
N
o
- w = 5
wid = >
. h.u .2
N >
> < o
V; o
>
i A
- i A
= | b m
—
= wla
. . v
L el
q
e
Z/9 ' 7/9
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Example: Cantilever structure

40 kN/m 500 kN
YYVYVYVYY YYVVYVYVY Avs AV, Av;
B> ¢ > > >
: o 5 4 Usg Ug Uz
| & ® Ay, @ Ay, ® Av,
Al D > 3> >
B | 6 1 Ug U U;
B o
g ®
7 8
K VA U AN
X
| 500 |, 500 |
| | 1
Structural model FE model (very rough)
J
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape function of the displacements

1 .
Uy -
u(x,y), v(xy) ;
y Uz
X LA
' u(x,y) ’

Shape functions of U

Bilinear shape function for the displacements:

U= a; +oyXx+ozy-+ a
bilinear term

V=R + ByX + Bgy + Byxy

Prof. Dr.-Ing. Horst Werkle
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape function of the displacements

Shape functions U,
BEIND SV DV B Vi
"4 2a" 2b° ab U,

L1 11 {u}_{Nl O N, 0O N; O N, O] Vv,

- 4 2a Zby ab g v O N, O N O N3y O Ngjjug
1 1 1 1 Vi

Ng=— y+—Xy
4 2a 2b ab u,

Y SV AV S u=N-u, Va4

“4 2a 2b ab

N3 N4
Prof. Dr.-Ing. Horst Werkle 60
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Stresses

Strain vector § — 5 . ue
Hooke's law G = D &
Stress vector G = [_) ’ B ’ ue

1 uw O

with D = E 1 0
= - 1_ MZ ’ M 1
0 0 il
} 2
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Element stresses

b/2 | b/2

AV, T V3
» U
\'

, s c=D-B-u,
- X,U - -

t te
A Uj U,

1 ® *

E

Oy =(1_M2).2.a.b-[(2-y—b)-(u1—u2)+(2-y+b)-(u3—u4)+

we((2-x=a)-(vy—Vy)+(2-x+2a)-(-V, +V3))]

0 = e gy (@YD) -0,) 2y 4D)- (0 -u)
(2-x-a)-(v;—Vv,)+(2-x+a) - (-v, +V3)]
E

[(2-y =b)- (v =Vy) +(2-y +D0)- (Vs —v,) +

Ty =
YT 4.(L+p)-a-b

(2-x-a)-(up—u,)+(2-x+a)-(u; —u,)]

J
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

Shape functions of the rectangular plane stress element and
Stresses derived thereof

Shape functions

Us V3 - .
Ua Vq bilinear functions
3 U(X,Y), V(le) 3
Uz y V1
: L ) X 2
ulxy) bvxy)

i - for =0 -

Stresses derived from the shape functions
'y constant in x-direction

linear in y-direction

o y constant in y-direction
linear in x-direction
Prof. Dr.-Ing. Horst Werkle 63
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular plane stress element

c

Example: Reinforced concrete deep beam

 yyvyvyvvyyy

b

|
|
!
|
|
!
!
I m
T

C
13.0m

«

g=1MN/m
$ILEls Comparison with the beam theory
£ M= q1%/8 = 13.00%/8 =21.13 MNm
[ W =th?/6=05"10%/6 = 8.33m3
éA- v
il
| Opy =+-M/W=+-21125/8.33= 2.50 MN/m?

E =3,0+10" [kN/m*]

L =0,0
t =0,5[m]

The stress value + /- 2.5 MN/m? in the beam theory
assumes a linear distribution of the stresses.
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