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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Properties of finite elements

Compulsory requirements of finite elements

a) Rigid body displacements must not provoke nodal forces
b) Elements must be able to represent constant strains and constant

stresses exactly
Optional requirements of finite elements

c) Continuity of the displacements
d) Geometric isotropy

e) Rotational invariance
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Properties of finite elements

Stress-free rigid body translation and rotation of an element

Example 1. Rigid body displacement of plane Example 2: Rigid body displacement states
stress elements in analysis of at a plane stress element
cantilever
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Properties of finite elements

Stress-free rigid body translation and rotation of an element

Example It has to be shown that for a rigid body displacement in the x-direction of the
rectangular plane stress element with bilinear shape functions no nodal forces occur.

O o © O O O o o

Displacement state: u;=u,=uz;=u,=1 Vi, =V,=V;=V, =0

F,] K Koo K Ky ki Kig Kip Kyg ] 17 Ky +Kyg Ky Ky | [
F, Ky Ky Ky Ky Ky Kyg Ky Kgyg | |0 Koy +Kag +Kos +Ky;
Fs Ky Kgp Kgg Kay Kgs Kgg Ky Kgg | |1 Kap +Kaz +Kgs +Kgy
F, _ E-t Ky Kgo Kig Kuy Ky Ky Kyr Kgg _ 0 _ E-t Kap +Kas +Kys +Kyy _
F | 12 1—|~12 k51 k52 k53 k54 k55 kse k57 k58 1] 12 1—|.12 k51 + k53 + k55 + k57
Fs Koy Keo Koz Keu Kes Keg Kez Keg | |0 Kep +Kgs +Kgs +Kgy
F Ko Koo Kzg Koy Kis Kgg Koz Kgg | |1 K,i +Kog +Kog +Kor

_F8_ _k81 Ke Kgz Kgs Kes Kgg Kgy k88_ _OJ _k81 + k83 + k85 + k87 1L

Stiffness matrix
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Properties of finite elements

States of constant strain and constant stress

Constant strain states for a plane stress element
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Constant stress states for a plane stress element
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Properties of finite elements

The Patch Test
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Possible element
configuration

In the patch test it is checked if the ,patch® of elements

is able to represent constant stress states.
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Properties of finite elements

Geometric isotropy
All elements used in practice in programs are geometrically isotropic

Rotational invariance
Requires that polynomial terms are complete
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Element types

 Elements with continuous displacement shape functions
— Triangular element
— Isoparametric elements

 Non-conforming elements

 Hybrid elements
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Displacement-based finite elements
Derivation of the element stiffness matrix for elements with displacement shape functions:

a) Determination of the shape functions of the displacements; the unknowns of the
displacement functions are the nodal point displacements u, . (The order of the
displacement function must be high enough so that all derivations needed for the
calculation of the strains are not equal to zero.)

b) Determination of the strains corresponding to the displacement functions
£=B"Uu

c) Formulation of the material law
o=D-¢

d) The nodal forces corresponding to the chosen shape functions are obtained with the
principal of virtual displacements as

K

-_

U, = E . where the element stiffness matrix is

K.=/t-B'-D-Bdx dy

e) Determination of the nodal loads F, equivalent to the element loads
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Elements with constant displacement assumptions

Single triangular element — CST- Element (Constant Strain Triangle)
V3
Us
\5)
IV Vi
X _ U,
Ui
Linear displacements: u(x,y) =a;+ad,-X+0d; Yy VX,y) =R+ B, - x+ B35y

u(x,y), vix,y)

Strains (g, €, €,,): constant Stresses (o, 0, 0,,): constant in the element
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Elements with constant displacement assumptions
Isoparametric elements

polynomial order for description of the geometry
= polynomial order of the shape functions.

Element types:

Jooapn(

8 Nodal points 6 Nodal points 4 Nodal points 3 Nodal points Transition
element
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Elements with constant displacement assumptions

Isoparametric elements

Isoparametric element with local curved coordinates r, s

Ay 545 Lo oo Shape function:
u = Z hi ' Ui
;
> v=2 hi-v
6 s=0
Geometry:
s=-1
_ X =2 hi-x
3 \ /
F=«1 r=0 r=+1 y =2 hi-y,
Xl
>
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Isoparametric elements

Shape functions i o i = 6+ i = 7% i = g i = o
hy=1/4(1 +1)(1 +5s) -1/2 hy - - -1/2 hg -1/4 h
h, = 1/4(1-1)(1 +s) -1/2 hg -1/2 hg . . -1/4 hy
hy=1/4(1-1)(1-5) - -1/2 hg -1/2 h, - -1/4 hg
h,=1/4(1 +r)(1-s) ; . -1/2 h, -1/2 hg -1/4 hy
hg = 1/2(1 - r?)(1 + s) ] ; ; - -1/2 hy
hg=1/2(1-s?)(1-r1) i - - - -1/2 hg
h, = 1/2(1 - r?)(1 - s) ) ] ; - -1/2 hg
hg =1/2(1-s?)(1+r) ) _ - - -1/2 hy
hg=(1-r3)(1-s?) ; ; ; ; ]

nodal pointi is existing
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Isoparametric elements

Displacements

Strains

o
Il

Stresses 9)

_ _ T (Numerical integration
Stiffness matrix K :I 5 : Q : 5 dVv according to Gauss)
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Gaussian numerical integration

INTEGRATION ORDER

FORMULA AND ACCURACY

XafAX f(x )dx=% f(x; o AX

Xa

1-point integration

POSITION OF THE INTEGRATION
POINTS IN FINITE ELEMENTS

AS
f
Af()()/o(x_)__
I
I ) r
f(x1) \ |
! X
' >
o AX/2 . Ax/2
A
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Gaussian numerical integration

Integration order n

Formula

X+ dx

Location of integration

Ax| points 7 =71j and § = Siin
._[ S (x) dr = Zf(xf) "% 57 plane finite elements
1-point integration
f(x
‘f%) gy +AX ls
| ta Ax
| J 16 de = fx) o ! r
f(x:) Ya ‘“ >
| i o =2
Ax/2 e Ax/2
) Ax _ Linear function is integrated
exactl
n=1 Y
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Integration order n

X+ dx

Formula

[ £ dc=YrfC) @

Ax

Location of integration
points 7 = 7; and § = Si in

plane finite elements

2-point integration

f
s f%@_
— |
|

X tAx

J f(x)ax =
) Ax

Finite Elements in Structural Analysis

I
flx,) f(xa) (@ f ) +anf(x))—
| I
}.LTL.{ o, =1 a, =1
'['I-h.
Axj2 |, Ax/2 £ =1/3~0577 ~ A
« Ax R o .
A ‘ N }
=2, a=¢& Ax 3rd degree polynomial I
is integrated exactly
Prof. Dr.-Ing. Horst Werkle 17
01/23




3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Integration order n

Formula

X+ dx

iumoﬁzgﬂm-m—;

Ax

Location of integration

points 7 = 7; and § = Si in

plane finite elements

3-point integration
f(x)

| | I
f(x4) f(x>) f(x3)

| 1 L 13
R R
Ax/2 Ax/2
- >
« AX N
Ax

p tAx

| fedx = (o fx)+
bty f)+ o ()
a, =o;=5/9~0.556

a, =8/9~0.889
g =+3/5 ~0.775

5th degree polynomial

is integrated exactly
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Elements with reduced integration
Integration order of isoparametric plane stress elements

Element type Full Element type Full
integration integration
I:I 2X2 I:::I 3x3
4-node rectangular 8-node rectangular
Iﬂ 3x3 ﬂ 4 x4
4-node quadrilateral 8-node element

Ko=/t-B"-D-Bdxdy
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Isoparametric elements

Admissible geometries of isoparametric elements

o < 180° A mid node in the middle
third of the boundary line

The side nodes must always lay in the middle third of the edge line!
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Isoparametric elements

Inadmissible element geometries

Interior angle greater 180° not allowed Position outside the
middle third
@
rd
Element folding upon itself Twisting not allowed
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Nonconforming Elements
Modeling of structural regions subjected to bending with plane stress elements

Web in bending

Bending stresses

Deep beam Box girder bridge
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Nonconforming Elements

' '

)~ «

<

QXD e

Standard Incompatible element Net incompatibililties

Shape function: Extension of the bilinear shape function by quadratic terms; Elimination of
the additional degree of freedom on element plane. The displacement functions at the
boundaries of two adjacent elements are not compatible.

Aim: Elements able to represent ,bending” appropriately
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Nonconforming Elements
Example: Beam — analysed with plane stress elements

Convergence of stresses o, ,, [MN/m?] of a beam in bending M
FE mesh 4-node element 8-node conforming

Conforming Nonconforming element 8 x 1 elements — 8-node element o
elements elements 2x2 underintegrated
2x1 0.06 1.27 2.96 ¢ ¢ ¢ ¢ ¢ ¢
4x1 0.35 2.22 2.64 i l
8x1 1.06 2.45 2.56 8 x 1 elements — 4-node element
16x1 1.90 2.51 2.54
q=0,01 MN/m
2 2> 23 ' YYYVYVyvyy vy
64x 1 2.48 i i oI .
m AN
128x 1 2.52 - - | 13.0 m |
N >
2 2 2 M 0.211 7
g'l 0.01-13 t-h 3 _ ¥ m _2535}\‘{1\1}:‘ L
M_ = = =0211MNm , W= =0.083 Oxm — = = . m
m="7 3 m 6 o S 0.083
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Nonconforming Elements

Example: Plate — analysed with plane stress elements
q=1MN/m

RN R

Convergence of the stresses o, ., [MN/m?] of a deep beam
FE mesh Conforming Nonconforming
elements elements
2x2 1.66 2.28 =
4x4 4.32 4.72 S
8x8 4.22 4.22
A
Convergence of stresses o, ., [MN/m?] of a beam in bending m =
5 13.0 m J
[~ gl
8 x 8 elements — 4-node element y
X
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Nonconforming Elements

Example: Plate — analysed with plane stress elements

FRLLEniTy

8 x 1 elements — 8-node element

Conclusions

The 4-node plane stress element is not well
suited to model structural parts of plates
subjected to bending (shear locking).
Appropriate elements to model bending are

* nonconforming 4-node elements

« isoparametric elements with higher shape

functions.
* hybrid elements

q=1MN/m

Yoy ¥ vov Y vy ¥ vov

10.0 m

m
13.0m

8 x 8 elements — 4-node element
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Hybrid Elements

Hybrid Plate Element

A Vg T V3 A Fy4 Fy3
3 ._> Ug Us I:x4 Fx3

Displacements Forces

The basic assumptions for hybrid elements are shape functions for the stress inside the
element and shape functions for the displacements at the element boundaries.
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

SHAPE FUNCTIONS
FOR STRESSES INSIDE
THE ELEMENT

Hybrid Elements

SHAPE FUNCTIONS FOR
DISPLACEMENTS AT THE
ELEMENT EDGES

Principles of virtual work
The stress shape functions result in

strains inside the element. The
displacements corresponding to
those strains are ,adjusted” at the
displacement shape functions at
the boundaries by the principle of
virtual work. The principle of virtual
displacements leads to an element
stiffness matrix with displacements

as unknowns as in the case of

displacement-based elements.
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3 Plate and shell structures / 3.3 Plates in plane stress

Finite elements for plane stress elements

Hybrid Elements

Hybrid plane stress element with rotational degrees of freedom

Displacements Forces
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3 Plate and shell structures / 3.3 Plates in plane stress

Rectangular element for plates in plane stress

Stiffness matrix for the rectangular element for plates in plane stress

b/2  b/2

with
T_Vi T_V: Ky = Kg3 = keg = kg =4b/a+2(1-walb
Uy > Us Kyy = Kgq = Kgg = Kgg =4alb+21-u)b/a
A . K1z = Ky7 = Kgg = Ksg =3/2(1+u)
T—»XU ki3 = Ks7 =-4b/a+1-u)alb
Tli v Kig = Ko7 = ksg = Kag =-3/2(1-3u)
M1 s Uz kis = Kg7 = -2b/a-(1-u)alb
a2 | a2 ’ Kig = Kos = kog = Kag =-3/2(1+pu)
A g ki7 = Ks =2b/a-2(1-u)alb
y Kig = Koz = Koz = Kys =3/2(1-3u)
Koy = Keg =2alb-2(1-u)bl/a
Kog = Kyg = -2al/b-(1-u)b/a
Kog = Kyg = -4alb+1-u)b/a
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